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early mathematics education

INNOVATIONS
Summer Institute, Day 1
6/18/2012 |

Agenda

** Begin with Breakfast
< Investigation; Sharing Pizza
o What is a whole? What is an equal part?
% Video Commentary
% CCSS for Mathematical Practice
o What do they mean? How do they !ook & sound’?
< Math Games: Mancala & 21
* Break for Lunch
* What do we know about how children learn math'?
o Big Ideas & Landscapes of Learmng
» Gathering to End the Day
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1. At Piece o' Pizza, the pieces in small, medium, and large pizzas are all the
same size. A small has 4 pieces, a medium has 6 pieces, and a large has 8
pieces. You order a medium garlic-artichoke pizza and a large spinach-
pineapple pizza. You eat £ of the garlic-artichoke and 2 of the spinach-
‘pineapple. How much of the pizza did you eat?

Small  Medium ' Large

- (Problem reprinted from Jenses on Leaming, Module 2: Teacher Leaming for Mathematics Instruction
_ by C.M.Grant et al. [Dale Seymour, 2003)).




e

R



COMMON

Mathematics | Standards
for Mathematical Practice

The Standards for Mathematical Practice describe varisties of expertise that
mathematics educators at all levels should seek to develop in their students.

These practices rest on important “processes and proficiencies” with longstanding
importance in mathematics education. The first of these are the NCTM process
standards of problem solving, reasoning and proof, communication, representation,”
and connections. The second are the strands of mathematical proficiency specified

in the National Research Council’s report Adding It Up: adaptive reasoning, strategic’
competence, conceptual understanding {comprehension of mathematical concepts,

operations and relations), procedural fluency ¢skill in carrying out procedures

flexibly, accurately, efficiently and appropriately), and productive disposition

(habituat inclination to see mathematics as sensible, useful, and worthwhlle coupied
" with a be]ref in diligence and one’s own efficacy).

1 Make sense of problems and persevere in solving them.

Mathematacaily proficient students start by explaining to themselves the meaning

of a problem and looking for entry points to its solution. They analyze givens,
constraints, relationships, and goals. They make conjectures about the forrmand:
meaning of the soluticn and plan a solution pathway rather than simply jumping’into
a solution attempt. They consider analogous problems, and try special cases and

- simpler forms of the original problem in.order to gain insight into its solution. They
monitor and evaluate their progress and change course'if necessary. Older students

might, depending on the context of the problem, transform algebraic expressions or -

change the viewing window on their graphing calculator to get the information they
nead. Mathematically proficient students can expiain corraspondences between
equations, verbal descriptions, tables, and graphs or draw diagrams of important
features and relationships, graph data, and search fof regularity or trends. Younger' '
students might rely on using concrete objects or pictures to help conceptuallze )
and solve a problem. Mathematically proficient students check theu' answers to

problemns using a different method, and they continually ask themselves, “Does this :

make sense?” They can understand the approaches of others to solwng complex ’
problems and identify correspondences between cflfferent approaches

2 Reason abstractly and quantitatively. e

Mathematically proficient students make sense of quantities and their retationships
in problem situations. They bring two complementary abilities to bear on problems
involving quantitative relationships: the ability to decontextualize—to abstract

a given situation and represent it symbolically and manipulate the representing
symbols as if they have a life of their own, without necessarily attending to -

their referents—and the ability to contextualize, to pause as needed during the
manipulation process in order to probe into the referénts for the symbels involved.
Quantitative reasoning entails habits of creating a coherent representation of

the problem at hand; considering the units involved; attending to the meaning of

quantities, not just how to compute them; and knowmg and flexibly using dlfferent _

properties of operations and objects.

3 Construct viable arguments and critique the reasoning of others.
Mathematically proficient students understan_d and use stated assumiptions,
definitions, and previously established results in constructing arguments.'Théy
make conjectures and build a logical progression of statements to explore the

truth of their conjectures. They are able to analyze situatichs by breaking them inta
cases, and can recognize and use counterexamples. They justify their conclusions,
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COMMON CLJ ATE STANDARDS for MAT HEM.-\TQCS

communicate them to others, and respond to the arguments of others. They.reason
inductively about data, making plausible arguments that take into account the
context from which the data arose. Mathematically proficient students are also able
to compare the effectiveness of two plausible arguments, distinguish correct logic or
reasoning from that which is flawed and—if there.is a flaw in an argument—explam
what it is. Elementary students can construct arguments using concrete referents
such as objects, drawings, diagrams, and actions. Such arguments can make sense
and be correct, even though they are not.generalized or made f.(_)rrnal until later .
grades. Later, students learn to determine domains to which an.argument applies.
Students at all grades can listen or read the'a_rguments of others, decide whether
they make sense, and ask useful questions to clarify or improve the arguments.

4 Model with mathematics.

Mathematically proficient students can apply the mathematics they know to solve
problems arising in everyday life, society, and the v'vjorkplace. In early grades, this might
be as simple as writing an addition equation to describe a situation. in middle grades,
a student might apply proportional reasoning to plan a school event or analyze a
problem in the community. By high school, a student-might use geometry to solve a
design problem or use a function to describe how one quantity of interest depends
on another. Mathematically proficient students who can apply what they know are
comfortable making assumptions and approxirnations to. simplify. a complicated
situation, realizing that these may need revision later. They are able to identify
important quantities in a practical situation and map their relationships using such

© tools as diagrams, two-way tables, graphs, flowcharts and formulas. They can anelyze

those relationships mathematically to draw conclusions. They routinely-ihterpret their:
mathematical results in the context of the SItuat:on and reflect ory whether the results

~make sense, possibly improving the model if it has not served its purpose,

S Use appropriate tools strategic'ally

Mathematically proficient students consider the available tools when solving a
rmathematical problem. These tools mught |nclude pencil and paper, concrete
models, a ruler, a protractor, a calculator. a spreadsheet a computer algebra system .
a statistical package, or dynamic geometry software. Proficient students are
sufficiently familiar with tools appropriate for their grade or course to make sound. . -
decisions about when each of these tools might be helpful, recognizing both the
insight to be gained and their limitations. For example, mathematically proﬁcien't
high school students analyze graphs of functions and solutions generated using a
graphing calculator. They detect pOSSIbIe errors by strateg:ca!ly using estimaticn

" and other mathernatical knowledge. When making mathematical models, they know‘ '

that technology can enable them to visualize the results of varying assumptions,
explore consequences, and compare predictions with data. Mathematically .
proficient students at various grade levels are able to identify relevant external
mathematical resources, such as digital content located on a website, and.use them
to pose or sclve problems. They are able to use technologiéal tools to explore and.
deepen their understanding of concepts. -

& Attend to precision. . 7 _
Mathematically proficient students try to communicate precisely to others. They

try to use clear definitions in discussion with others and in their own reasoning.
They state the meaning of the symbols they choose, including using the equat sign
consistently and appropriately. They are careful about specifying units of measure,
and labeling axes to clarify the correspondence with guantities in a problem, They
calculate accurately and efficiently, express numerical answers with a degree of
precision appropriate for the problem context. in the elementary grades, students -
give carefully formulated explanations to each other. By the time they reach high
school they have learned to examine claims and make explicit use of definitions.
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COMMOMN CORE STATE STANDARDS F(Jr

7 Look for and make use of structure.

Mathernatically proficient students look closely to discern a pattern or structure.
Young students, for example, might notice that three and seven more is the same
amount as seven and three more, or they may sort a collection of shapes according
to how many sides the shapes have. Later, students will see 7 x 8 equals the

well remembered 7 x 5 + 7 x 3, in preparation for learning about the distributive
prdperty. In the expression x* + 9x + 14, older students can see the 14 as 2 x 7 and
the 9 as 2 + 7. They recognize the significance of an existing line in a geometric
figure and can use the strategy of drawing an auxiliary line for solving problems.
They alse can step back for an overview and shift perspective. They can see
complicated things, such as some algebraic expressions, as singie objects or as
being composed of several objects. For exarnple, they cansee 5~ 3(x-y)?as 5
minus a positive number times a square and use that to realize that its value cannot
e more than 5 for any real numbers x and y.

8 Look for and express regularity in repeated reasoning.
Mathematically proficient students notice if calculations are repeated, and jook
both for generat methods and for shortcuts. Upper elementary students might
notice when dividing 25 by 1t that they are repeating the same calculations over
and over again, and conclude they have a repeating decimal. By paying attention

. to the calculation of slope as they repeéted}y check whether points are on the line
through (1, 2) with slope 3, middle school students might abstract the equation
{y - 2)/¢{x - 1) = 3, Noticing the regularity in the way terms cancel when expanding
=D+ 1), G- D2+ x + 1), and (0 - 1)(x% + x>+ x + 1) might lead them to the
general formula for the sum of a geometric series. As they work to solve a problem,
mathematically proficient students maintain oversight of the process, while
attending to the details._ They continually evaluate the reasonableness of their
intermediate results.

Connecting the Standards for Mathematical Practice to the Standards for
Mathematical Content

The Standards for Mathematical Practice describe ways in which developing student
practitioners of the discipline of mathematics increasingly ought toe engage with

the subject matter as they grow in mathematical maturity and expertise throughout
the elementary, middle and high school years. Designers of curricula, assessments,
and professional development should all attend to the need to connect the
mathematical practices to mathematical content in mathematics instruction.

The Standards for Mathematical Content are a balanced combination of procedure
and understanding. Expectations that begin with the word "understand” are often
especially good opportunities to connect the practices to the content. Students

who lack understanding of a topic may rely on procedures too heavily, Without

a flexible base from which to work, they may be less likely to consider analogous
problems, represent problems coherently, justify conclusions, apply the mathematics
to practical situations, use technology mindfully to work with the mathematics,
explain the mathematics accurately to ather students, step back for an overview, or
deviate from a known procedure to find a shortcut. In short, a lack of understanding
effectively prevents a student from engaging in the mathematical practices. '

In this respect, those content standards which set an expectation of understanding
are potential "points of intersection” between the Standards for Mathematical
Content and the Standards for Mathematical Practice. These points of intersection
are intended to be weighted toward central and generative concepts in the

school mathematics curriculum that most merit the time, resources, innovative
energies, and focus necessary to qualitatively improve the curriculurn, instruction,
assessment, professional development, and student achievement in mathematics, -
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Practice #7: Look for and make use of structure.

Students: ' Teachers:
» |ook for and recognize » Plan tasks and problems with patterns
mathematical significance (e.g. number strings) '

* Generalize relationships within and. ﬂ, » Ask questions that focus students on
between problems (Math-to-Math ~ ® g the structure the problem

connections) « Highlight different approaches for
» Apply a new idea to related solving a problem

problems

Practice #8: Look for and express regularlty in repeated

reasonmg
Students: ' Teachers:
» Check work for sense, repeatedly. » Ask about possible answers before,
' : . and reasonableness durlng and after
» Notice patterns and connections
that help them develop ' & TRk Utations.
- generalizations or “shortcuts” ‘v s Use “think aloud” to model how to
e Explain what they are doing and ;x:;aegs\néﬁtethey are doing and why it
why it makes sense. ' ' :
, e Ask students to explain what they are
* Explain why a generalization is true ® SRS o
and useful. doing and why it makes sensg.
» Ask students if a generalization is
always true.
erikson
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- HOow TO PLAY MANCALA

Mancala is an ancient family of board games, and there are numerous variants. ‘Thisisa
version of the basic game, known as two-rank Mancala and also known as Kalah

What you need:

Mancala board

- 36 markers/preces (beans stones, marbles)

What you do:

" The Mancala 'board' is made up of two rows of six holes or pits, each If you-

~ don't have a Mancala board handy, an empty egg carton is perfect. -

The board is plaeed between the two players with: the fong sides facmg them; the
six holes nearest each player belong to her/him. Each player has a larger 'store’ to

. the right srde of the Mancala board.. (Cereal bowls work well for this purpose

" when using an egg carton for the board.) .

Three pieces — beans, marbles or stones -~ are placed in each of the 12 holes The
color of the pieces is irrelevant. s I

'_The game begins wrth one player plckmg up all of the pleces in any one of the

- holes on her/his side. -

: :‘,"Movmg counter-clockw1se the player depos1ts one of the stones in eaeh hole untrl
'thestonesrunout : A R

If yourun mto your own store depos1t one p1ece 1n 1t If you run 1nto your
oppotient's store; sklp it : : :

Hthe last plece you drop is m _your own store, you get'a free turn

If the Iast plece you drop isin an empty hole ont your 31de ‘you capture that piece

and any pieces in the hole directly opposite.
Always place all captured preces in your store. .
The game ends when all six spaces on one side of the Mancala board are empty.

The player who still has pieces on her/his side of the board when the game ends
captures all of those pieces.

Count all the pieces in each store. The winner is the player with the most pieces,

For variation:

* Play starting with 4 markers per hole (48 total).

erikson
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What yotl need

How: TO PLAY 21

standard deck of cards (no jokers) or any set of number cards

What you do:

Someone must be the dealer for each hand in this game Everyone else isa player
Keep going until each player has had a turn to be dealer

The dealer gives everyone two cards facedown. .- -

Each player looks at their two cards and adds their values to determlne the total
value of the hand, The value of a card is equal to the number on the card All face

- -cards-are-worth 10..
) Startmg with the persoh to the left of the dealer, each player attempts to make the

best possible hand by getting close to 21 points. A: player with a-point total far

. less than 21 may ask the dealer for another card by saymg, "Hlt " One card is then

dealt to the player. -

‘Each player may continue to add cards until s/he thlnks s/he has a good hand

If any added card sends the value of her/his hand higher than. 21,the player has

_gone "bust" and s/he is no longer ehglble tobea w1nner on that partlcular hand.
If the player reaches a number that s/he is satisfied is cIose enough to, 21, s/e

says, "Stay, to instruct the dealer that s/he requ1res no more cards L }

The déaler goes around the group as many times as needed untﬂ all players have
said “Stay.” '

Each player who has not gone “bust”. then announces het/his total and. shows '

- her/his-cards. The player who is closest to 21 is the Wmner of that hand: There can

be ties.

For variation:

~ Play to a lower number, such as 17 (Take out the tens & face cards. ) _
Aces can be worth erther one or eleven whlchever value benefits the player.
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What do we know about
how children learn about
numbers & operations?

What does their
landscape of learning
look like?

eri kson
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-Blg ldeas in Number & Operatlons

{1003

Topic

Big Ideas -

Examples -

Numerosrty
WA
%

"'Small collactions can be intuitively.

percaived without sounting (subitizing).
CQuenlity is an attribute of a set of

“objects.

.

Children just "see” threa objects and )
know it's 3. :
Smice and 5 erephams ‘are alike in
quantity, though different in other
ways.

Use.S'of'Nu_m_per

MNumbers are used many ways,
mdudlng
ta indicate amount {cardinal)
« 1o spacify posilien in a sequence
{erdinal)
+  lo provide names for members of

Tah:my has 5 books. {cardinal)
Ava is fifth in line foday. {ordinal)

Numbers on basketball jerseys, home
addresses, telephone numbears -

*
* . X
x X

“1,2,3,45..5I"

many in a coltection.
Counting has rules that apply to any
collection,
+ Counting words hava to be said
in the same order every time

"+ Eachobjactinaset must be

counted.once and only once

» [t does not matter in what order
the gbiects within a set are
counted

» The last number word preduced
is the amount of the entire set

{h -~ a set (nominal) . (nornlnal) )
5 * loact as shared rafarence pmnts o Lat's meelat 5pnion Deosmber 5
. . [referential) {roferential) o
| Counting s+ Couningcanbe usedfofindouthow | s 1,23, 4, 5...you have five stars!

"One, four, two" doesn't give a corect’
answer .
Children need strategies for keeping -
track, like touch-painting or moving o

* another pile
E _ang up objects and counung again

is & good exercise:; the third abjoct

- counted is not the cniy ona that can

“be" threa
Being abla to count is not the same as
being able to answer “how many?*

Major wppon for tw
Chicaga Pk

o3,

Eanty tion Projoct he LS. Depe. of Ecucslion mﬁvh.ﬁmﬁlﬂ {13). Motorots Foundation,
mmdsmwsnm wwmwnﬁmw-nnmmm

ba widng for 1a-sate o




Big Ideas in”-Number & Opératioﬁs

2013

Topic Big ldeas

Examples

Place Vailue | *As numbers grow larger, we group by
lents to create new units:

reprasent afl numbers using ten
digits (O 10 9), and there ara
pattams fo how numbers ara
represented.

*The positions of digits in multi-digit
numbers determine what unit they
represant.
*The digit “0" is imponant asa
ptaceholder.

b i bx g e
g bt tidtag?

s0 on).can ba composed and de-
composed in different ways.

in Base Ten |’ *Bacausa we group by tens, wa can'

*The groups of ones, tens, hundreds (and

“Ten onas'is one ten; ten lens is one hundred; ten
hundreds is one thousand ..
+20, 21,22, 23..." or "80, 90 100, 110 ..."

*Two tens and four ones describe the 24 single eggs we
bought at tha-store. Four tens and two ones describe the
42 children in first grade.

*Cne Hundred & Cne Balmatians” is a oroup of 2
hundred and one more. H is written as 101, representing
one hundred-unit, zaro ten-units and one one-unit.

+250 + 266 |s simpler to compute when 256 is broken
into 250 and 16. Then compuie 250 + 250 (a double
which many-chifdren kncvw) ard add on the exira 16
afterward.

Fractions *Fractions are equal parts of & whola.

*
*
'ﬁ parts in many different ways.
"
*

collection of tings.

*A whola or unit can be dividad into equal

* *A unit may be a single object or may be a

*Pizzas can be cut into 6 aqual wadge-shapad pieces.
*§ cars can be divided equally by giving 2 cars each 03
children.

*A pizza can ba divided into 4 or & or 8 equal slices.
*8 cars can be divided equally into 2 groups of 3, 3
groups of 2, or & groups of 1.

*One whele pizza can be dividad into equal slices,
*In one group of 6 cars, 1/3 are red: 2 cars are rad.

Maimnupun loz e Earty Mathematica Eﬂulmhqaulmnw
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Big-1deas in Number & Operat|ons

§ % % % ftams into equal sets.™

L30t3)

Topie - Big Ideas Examples

Chang ing | .+ Sets tan be changed by adding kems «You have 2 balls and ! have 3 balls. Haw many balfs do
i - - { {jeining) or by taking scme away we have affogether?

Sets (separaung) *You had 60 cards, and you gave your ﬁ'i'end 5. How
- ﬁﬂr : ﬂﬁﬁ'ﬁ‘ many do you have now?

{ . +Chris has 2 boxes of crayons with 4 in sach box. How
G"°L_‘?'"9 & _{ many crayons does Chiris have altogether?
Partitioning . Oneéan quantity & callecton by grouping “Thers are 20 children in the 2 grate dlass, Sandy -

brings 40 cookies 50 each child can have two.
~How many hands does it take to show 20 fingers?
=How ¢an 3 childron share 9 toy cars faidy?

than and: aqual 0.
Yol < Ak

Number coo ' .
Compoasition ’ +A quantity (whole} can ba decomposed into h!;zgs:gany ways can you show 5 with mg’” on  both
: gg'r":' °’e‘;“fq;’ar::$“3 "'_"gl parts can be « 100 can be 50 & 50 0r 70 & 30 0r 90 & 10,
posed ta fo e whola,
Corripa ﬁﬁg . . : ) ;:af;a; ; :rand.fu.' of raisins; Chrfs has  bowHful, Chris
Sots . -Sets can be compared using the attribute of | ot pave 1 pear and 1 paach; you have “pp.,es We
numerosity, and ordered by mora than, less bave the same number of fruits.

~Avery has 3 dirty plates, and Tracy has 4 diry bowls,
Whohas fewer dishes io wash? )
=Theia are & fish and 3 snails in our aquanum We have
twice as many fish as snaifs,

Solving Problems

?

-+ The tour arthmetic operations (addition,
‘subtrastion, multiplication & division) are

toofs for solving problems about numbers.

+ In order to choosa which cperation to use,
the solver must understand what is
happening in the problem situation. -

*There is usually more than ona way to sofve the same
problem. For example, subiraction or counting up are
agually valid ways to find the difference between two
nismbers.

Al word problems el & story.

mn.pgmhﬂmE.wmmmmmhmmnmmmcmm;mﬂmuus Dl of &dutalion ivirtting 1 Lnavalion Fued (i2), Wobivoi Foundslion,
eundation

.:wu. !rmm:n-muh)m flatts tiatvad, Fyetoucopying perytied] not for ra-dsis or -pubikcation.




| Teaching-Learning Strategies_

® Turn & Talk

® Learners rephrase other learners’

thinking

- ® Sharing multiple solutions or
strategies without comment

® Teachers model students’ thinking.
@ Students explain or model their own

thinking.

erikson
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Modeling Students’ Mathematical Thinking

tallies or other marks

number line

rectangle or array|

fm-3-7 T+857
60BRO DO  poope )
3 7 £ . »
ER 37 + 25
§>6>| Jn 7 ’J.OI\S
b LN
number tree |- i
Iy

- T

. 35
el ee
14

29 188 +20 |
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; ADDITION, G
ST L e _ "—*ﬁ
generalized use of a repertoire of strategies for addition )
and subtraction dependent on the numbers

using constant difference

constant difference as equivalence

e : keeping one addend whole an : kéeping one dddend whole and
tinits used in measuring can vary g ing to a landmark number . :
in size, but results are equivalent moving taking leaps o ten

place value pattems occur when making
and adding on groups of ten

systematic production
of airangements

LB . > tising doubles for
{ : - bles
pam'whoie relations: near dou
relationship between addition models
and subtraction : . with symbols
1o represent amounts

quantity with tallies : counting backwards

. - rrsem—
one-to-one counting three times when adding
cotrespondence & need for organization
and keeping track

The landscape of learning: number sense, addition, and subtraction on the horizon showing landmark strategies
(rectangles), big ideas (ovals), and models (triangles).

From Fosnot & Dolk Young Mathematicians at Work series.
Printed at http://www.contextsforlearning.comfsamples/k3LandscapeofLeaming.pdf
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Good Books for Teachers Thinking About Their Mathematical Practice

Andrews, A.G. & Trafton, P.R. Little Kids — Powerful Problem Solvers: Math Stories from a Kindergah‘en
- Classroom. Heinemann, 2002. '

Burns, M. About Teaching Mathematics, A K-8 Resource, 3 ed. MathSolutions, 2007.

Bums, M. Math and Literature, Grades K-1. MathSolutions, 2004.

Burns, M. & Sheffield, S. Math and Literature, Grades 2-3. MathSolutions, 2004

Chapin, S.H., O'Connor, C. & Anderson, N.C. Classroom Discussions: Using Math Talk to Help Students
Learn, Grades K-6, 2 Ed, MathSolutions, 2009, :

Diller, D. Math Work Stations: Independent Learning You Can Count On, K-2. Stenhouse, 2011.
Fosnot, C.T. & Dolk, M. Young Mathematicians at Work: Constructing Fractions, Decimals and Percents.

Heinemann, 2002,

Fosnot, C.T. & Dolk, M. Young Mathematicians at Work: Constructing Multiplication and Division.
Heinemann, 2001.

Fosnot, C.T. & Dolk, M. Young Mathematicians at Work: Constructing Number Sense, Addition and
_ Subtraction. Heinemann, 2001. - Lo
Peterson, J. & Bu_rns, M. Math and Nonfiction, Grades K-2. MathSquf[ions, 2004. | |
Richardson, K. How Children Learn Number Concepts: A Guide to Critical Learning Phases! Math
Perspectives, 2012. k _
Richardson, K. Developing Math Concepts in Pre-kindergarten. Math Perspectives, 2008,

Russel, S.J., Schifter, D. & Bastable, V. Connecting Arithmetic to Algebra: Strategies for Building Algebraic
Thinking in the Elementary Grades. Heinemann, 2011.

Siena, M. From Reading to Math: How Best Practices in Literacy Can Make You a Better Math Teacher,
Grades K-5. MathSolutions, 20089. - _

Shumway, J. F. Number Sense Routines: Building Numerical Literacy Every Day in Grades K-3.
Stenhouse, 2011. -

Van de Walle, J.A. & Lovin, L.H. Teaching Student-Centered Mathematics, Grades K-3. Allyn and
Bacon, 2006. |

Wedekind, K.O. Math Exchanges: Guiding Young Mathematicians in Smalf Group Meetings. Stenhouse,
2011. .

Whitin, D. & Wilde, S. It's the Story that Counts. Heinemann, 1995.

Wilburne, J.M., Keat,J.B. & Napoli, M. Cowboys Count, Monkeys Measure, and Princesses Problem-
Solve: Building Early Math Skills Through Story Books. Brookes, 2011,

Wright, R.J., Stanger, G., Stafford, AK. & Martland, J. Teaching Number in the Classroom with 4-8 year
olds. Sage, 2006.. _



